A study is presented of a DC-DC Boost converter whose output voltage is controlled by naturally sampled constant-frequency PWM operating in both continuous and discontinuous mode. For certain values of the circuit parameters instability occurs. Moreover, nonlinearities may produce bifurcations and chaos when parameters are varied. The goal of this paper is to delimit in the parameter space the region of period-one operation of the converter which is of practical interest for engineering design. Linear analysis and other conventional methods are sometimes not strong enough to delimit this region, and one must rely on experimental results and careful numerical simulation. The regions are located using two di erent methods: a prototype which allows variation of all circuit parameters is built up and the results are checked by means of special-purpose C-code simulations, resulting in a good agreement with the experiments. Some families of curves characterize the operational regions, which border on quasiperiodic and subharmonic behavior: these bifurcation phenomena may be related to resonances and to the change of conduction mode.
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I. Introduction
It is well known that nonlinear phenomena such as bifurcations and chaos occur naturally in DC-DC power converters, basically due to the strong nonlinearity in the switching action 1 -23 . This can also be said of a Boost converter whose output voltage is controlled by naturally sampled constant-frequency PWM. Although chaotic behavior can be used, for example, to improve EMC 24 , in practice it is generally desirable to avoid it. Thus, the location of the regions of period-one operation is of interest from the engineering design point of view in this paper, period-one operation means periodic behavior with period equal to the control ramp period. Once the border is located, it is easy to move the parameters in such a w ay that the dynamics is stabilized.
Local linear analysis and other conventional methods are not strong enough to detect the period-one region globally. Also, the large number of parameters needed to model a Boost converter with a control ramp poses serious obstacles to the complete characterization of its behavior. This will be partially solved by i n troducing independent dimensionless parameters, which allows a reduction from nine to four essential ones. We h a ve located the border of the period-one region by experimental and numerical simulation, showing a good agreement b e t ween the two methods. It is important to note that this paper only intends to provide a macroscopic, not a microscopic view of the region. This is due to the limits that experimental precision imposes and to the number of independent parameters. It is known that in nonlinear systems, parameter space can be fractally divided into regions of di erent behavior. Such a region cannot be satisfactorily described only by means of experimental prototypes. Many microscopic insights into chaotic dynamics in DC-DC converters have been reported in 1 -11 , 13 -23 . In spite of its unavoidable lack of microscopic precision, the macroscopic view taken in this paper gives an overall atlas of the stability properties of the PWM controlled Boost converter.
The paper is organized as follows. In Section 2 we present the equations which describe the dynamics of the converter with the usual dimensional parameters ideal switches and components. In Section 3 dimensionless parameters are introduced and a C-code is prepared for the numerical computation of 2-dimensional bifurcation diagrams. Section 4 is dedicated to the prototype of the Boost converter, which allows variation of all circuit parameters in a large range. Experimental results are also provided in this Section, which are checked by using numerical simulations from the standard packages INSITE and PSPICE in Section 5. The experimental computed regions are compared with numerical simulations of the special-purpose C-code, showing good agreement with them. It is shown that quasiperiodic and subharmonic behavior is sometimes related to resonance with the control ramp and the change of conduction mode. Finally, w e state our conclusions in Section 6.
II. A Model of the DC-DC Boost Converter with PWM Control Figure 1 shows the basic circuit of the Boost converter under study, which uses a PWM voltage loop. The state variables are the capacitor voltage v C and the inductor current i L . The parameters in the RCL circuit are: the load resistance R, the capacitance C, the inductance L and the input voltage V in . Moreover, there are also several parameters which correspond to the control of the switch S. Control is achieved by comparing a control signal v co with an independent s a wtooth ramp voltage v r t. The expression for V u stand for the lower voltage of the ramp signal and the upper voltage respectively. As occurs in all power electronic systems, the switching regulator forces the circuit topology to vary according to the states of the switches the uncontrolled diode and the controlled transistor. The transistor and the diode in the Boost converter can be in the ON or in the OFF state. Thus, three di erent topologies can be present in this circuit see Table  I .
Summarizing, we h a ve nine parameters which can be varied R; C; L; V in ; A ; V ref ; V l ; V u ; T and two state variables v C ; i L . Moreover, from the experimental simulations it was decided to include R s , the series resistance of the inductor, as a new parameter in the model. The fact that the three topologies can be switched depending on the state variables makes the system nonlinear, and the existence of a T-periodic ramp voltage makes the system 3-dimensional, since time t acts as the third state variable.
The di erential equations for each of the three basic topologies are the stable xed point i n T op. 1 will be a spiral focus; the orbits tend to the xed point spiraling in the state space see Fig. 2a . Otherwise, if Eq. 7 is not ful lled, the stable xed point i n T op. 1 will be a sink the orbits also tend to the xed point, but this time they do not spiral like the stable xed point o f T op. 2, Fig. 2b .
Although the dynamic behavior in each linear topology is easy to deduce, when we let the control action work and the topologies switch, the dynamics is quite complicated, sometimes including periodic, quasiperiodic and chaotic behavior, depending on the initial conditions of the state variables and the values of the parameters.
III. Dimensionless Parameters
The large number of parameters associated with the PWM Boost converter is a major handicap to the characterization of all the possible dynamics. In an attempt to deal with this problem, some authors have xed the values of the parameters according to speci c examples 1 -23 and then varied the parameters near these values. Instead, we will de ne dimensionless parameters achieving a signi cant reduction in the number of independent parameters of the circuit. As stated above, each topology is linear and analytical exact solutions can easily be obtained. Thus, simulation in each topology is straightforward. Di culties arise when the switching time has to be computed. The switching times depend on the state variables and therefore a method must be implemented to deduce which topology is in use at each instant. Since continuous and discontinuous conduction are allowed when parameters are widely varied, the method must be able to detect with precision both the switching instants and the corresponding topologies to be used. Thus, we will basically follow the method in 4 , 10 . Given initial conditions y 0 , the state of the system and thus the corresponding topology is known. Then the analytical expressions for the solutions are used to compute the state at the next small time step h in most of the simulations h = T=100 is chosen, and we c heck whether any of the switching conditions
Possibility of independent v ariation of all the physical parameters in the circuit. This makes it possible to scan wide ranges of parameter values. To this end, the control circuit is designed with operational ampli ers, comparators and transistors, and the speci c integrated circuits for the control of converters are not used.
The circuit operates at low frequencies 100Hz to 30kHz, low v oltages 30V and low currents 2.0A.
Inductors near 1mH and capacitors near 10F were used. The ramp generator was developed according to the following steps: a continuous current generator feeds a capacitor which builds the original ramp; a comparator with hysteresis xes the lower and upper voltages and a potentiometer controls its slope and thus its period. The continuous voltage of the ramp V l is removed with a low pass lter and another potentiometer associated with an ampli er controls its peak-to-peak voltage V pp . Then a peak-to-peak detector obtains the lower voltage of the ramp and an ampli er subtracts the lower voltage from the same ramp. Thus, the lower level is xed to zero volts. Finally, an operational ampli er adds the continuous voltage V l , which is controlled with a potentiometer.
The ramp parameters can be varied in the following ranges:
,13V V l 13V 1:5V V pp 27:0V 40s T 2400s Since there are a total of four dimensionless parameters V d , G 0 , T N and Q we consider Q s as being associated with Q the parameter space is 4-dimensional. Thus, the border of the region of period-one can be thought of as a 3-dimensional not necessarily connected surface which w e can represent a s fV d ; G 0 ; T N ; Q = 0 : 20 If one of these four parameters is xed a plane section parallel to the axes is considered in the parameter space, then the intersection surface becomes 2-dimensional. Since Q is the most suitable for experimentation, this one will be chosen to build a section in the parameter space. Thus, for Q xed to some value Q , the resulting 2-dimensional intersection surface can be represented by gV d ; G 0 ; T N Q = 0 : 21 which depends on V d , G 0 and T N . This surface can be described e ciently by plotting in a 2-dimensional plane the various projections when a di erent parameter is chosen from among V d , G 0 and T N .
A. Experimental Results
It was experimentally observed that the border of the period-one region was not a simple surface but a thin strip due to a hysteretic phenomenon. Thus, in order to make the plots easier to read, only one of the borders of the strip was plotted. The borders in this paper correspond to inside region I ,! outside region I First, a physical inductor and a capacitor are xed, and thus the parasitic e ects are the same for the whole set of measurements. Then the load resistance R is xed and therefore Q and Q s are also xed. For each L, C and R xed, we can obtain three types of projection curves depending on the parameter that is chosen V d , G 0 or T N . We will denote each family of projection curves by An initial set of experimental simulations was performed to decide the ranges of variation of the dimensionless parameters.
The gain parameter G 0 1 in the Boost converter cannot physically be made arbitrarily large due to the ohmic resistance of the inductor. Thus, it was decided to vary the parameters in the ranges 0:5 V d 5:0 1 G 0 5 24 Although the dynamics near the border have features in common, the bifurcations from the period-one region can be due to di erent mechanisms. Two major mechanisms causing loss of stability are a change in the conduction mode continuous-discontinuous and resonances between the control circuit frequency due to the ramp period T and the power circuit frequency due to the RCL components. With regard to this second type of stability loss the following characteristics were expected:
The resonance may i n troduce important c hanges into the dynamics near some parts of the border. It was decided to measure these changes in the range 0:1 T N 5.
If the quality factor Q increases, the ripple of the voltages and currents will also increase. Therefore, measures will be taken in the range 1 Q 15.
Speci cally, three series of LC values were stated for the power circuit: The measurements and the plots of the projection curves were carried out using the three series of inductor-capacitor values and it was observed that they lead to the same projections within the measurement errors. Thus, the theory of dimensionless parameters was also checked experimentally.
Family of curves with constant V d The following characteristics can be observed: Near the border of the period-one region the control voltage crosses the ramp voltage near the lower limit V l . T h us, grazing type bifurcations like those described in 8-9 , 21 are present.
If V d the parameter related to the voltage range decreases then the period-one region gets increasingly smaller in the G 0 ; T N -parameter space. Figure 3b shows three di erent subregions with period one. One of them is a small T N region which is the usual working zone of the converter. Another is a large T N period-one region which is not very useful due to the large ripple in the output voltage. Between these two regions, there is a small period-one region with gain G 0 1 and medium T N T N near 1 which m a y be associated with resonance.
If Q gets smaller or V d gets larger, the period-one zone with T N near unity increases. which is approximately on the border of the period-one region see Fig. 3 .
V. Numerical Simulations INSITE 25 was used to check the experimental waveforms, and showed a good agreement in basically all the simulations, including those on the border of the period-one region. Thus, the type of bifurcation near the border was checked both experimentally and numerically. Figure 4 shows 1-dimensional bifurcation diagrams plotted using INSITE near the border of the period-one region. The stability of the one-periodic orbit is lost via period-doubling Fig. 4a or with a quasiperiodic transition Fig. 4b . These numerically computed bifurcation diagrams show perfect agreement with the experimental diamonds curve presented in Fig. 3c corresponding to Q = 1 4 a n d V d = 2 :0. Figure 4a must be interpreted as a horizontal section in the T N ; G 0 -parameter space in Fig. 3c corresponding to G 0 = 1 :2. Thus, in this zone of the border of the period-one region a period-doubling bifurcation is found. Along the same lines, Fig. 4b must be interpreted as a v ertical section in the T N ; G 0 -parameter space in Fig. 3c corresponding to T N = 0 :24. Thus, in this zone of the border a quasiperiodic transition is observed from the period-one region.
Since INSITE and other standard packages could not produce two-dimensional bifurcation diagrams, a special-purpose C-code was prepared to simulate the PWM Boost converter numerically and to plot the results in a color-coded diagram. The code simulates the three di erent topologies and nds the switching instants by applying accurately the bisection method or the Newton-Raphson method like in 4 , 10 . One hundred samples are taken in each cycle of the ramp voltage to detect the topology changes and the switching instants are approximated with an = 1 0 ,10 error. After a 200 ramp cycles transitory, we consider that the system has settled down into the corresponding stationary behavior. The two-dimensional brute-force bifurcation plots are color-coded depending on the periodicity of the resulting attractor. It should be noted that only one of the possible multiple attractors can be plotted at each point in the parameter space: that which i s plotted according to the initial conditions of the simulation. Due to the high resolution 400 400 pixels, plots are very time-consuming. Fig. 5 . In this zone, since T N is large, the converter is blocked in topology 2 in each large ramp cycle except for a short interval, marking the change of topology due to crossing with the control ramp. After this short interval, the system may be blocked in topology 2 again till the next ramp cycle begins. Thus, although the behavior is one-periodic, it is not very useful for classical engineering purposes note also that di erent attractors exist for T N 1:40 and G 0 in the range 2:5; 3:5.
The information given in a numerical two-dimensional bifurcation diagram is complementary to that shown in the experimental plots. In the experimental plots, the family of curves corresponding to the border of the period-one region corresponds to di erent v alues for V d ; in the numerical diagrams one single value for V d is taken, but the border of the period-one region is not the only one to be plotted. The various borders corresponding to di erent periods and behaviors are also shown. Figure 5 shows, in addition to the period-one region, other regions which correspond to xed point attractors of the di erent topologies, quasiperiodic regions, chaotic regions and periods 2,3,4,. . . up to in nity regions.
A. Di erences between the numerical simulations and the experimental results
The quality of the experimental results was checked using INSITE simulations. Although the agreement is quite good, there exists regions in the parameter space where some di erences can be appreciated. This may be due to measurement errors and to parasitic e ects and intrinsic nonlinearities in the components which are not modeled.
A.1 Measurement errors
The voltages V in and V ref were measured with a digital multimeter and the errors can be estimated to 1. The characteristic voltages of the ramp V m and V l w ere measured with an oscilloscope and the errors can be estimated to 5. Finally, parameters R, C and L were measured with an LC-meter and the errors can be estimated to 3. By error propagation, the measurement errors of the dimensionless parameters can be estimated to 10.
A.2 Parasitic e ects
Parasitic parameters are always present in the circuit components and can modify the dynamics of the system. Some of these parameters are: the conduction resistance of the MOS transistor, the threshold voltage in the diode, the parallel capacitance of the inductor and the series inductance and the series resistence of the electrolytic capacitor.
A.3 Nonlinearities in the components
The most important nonlinearity which is not considered in the model is the core saturation in the inductor.
The threshold voltage in the diode can be signi cant when it is of the same order as the input or the reference voltage; parasitic reactances can also be important when the frequencies are of the order of the component resonant frequency; and nally, the inductor saturation is also signi cant when the frequency is low, because the inductor current can be large.
Although each parasitic parameter can be introduced into the state equations for numerical simulation, and this improves the agreement with the experimental prototype, it increases by one the parameter space, and if the parameter is reactive, it increases by one the dimension of the dynamical system. The introduction of Q s as a new parameter in the system was motivated by the qualitative leap in the improvement of the model with respect to the prototype.
B. Bifurcation Mechanisms from the Period-One Region
Two mechanisms which m a y be responsible for the bifurcation from the period-one region are the change in the conduction mode and the e ect of the resonance. The change in the conduction mode is detected on the oscilloscope when the current in the inductor is zero, but it is not easy to experimentally locate with precision exactly when the resonance mechanism is in action.
The conduction mode border which separates the zone of continuous conduction mode from that of discontinuous conduction mode, may be related to the period-one region bifurcation. The following characteristics were observed:
The conduction mode border is inside the period-one region. This means that the change of conduction mode takes place before the bifurcation of the period-one region.
For small T N T N 0:1 the two borders have some parts in common. It was observed that the dynamics changes from period-one continuous conduction mode to quasiperiodic discontinuous mode.
For medium T N T N near unity the two borders diverge and between them there is a discontinuous period-one region. In the period-one bifurcation, the dynamics changes from discontinuous period-one to discontinuous two-periodic orbits. Since in this part T N is near to 1, the bifurcation to period 2 may be related to the resonance phenomenon between the frequencies of the ramp control and the power circuit.
VI. Conclusions
The method of analysis with dimensionless parameters and variables has been proved to be useful to locate the border of the period-one zone of the PWM Boost converter. Speci cally, it allows the number of essential parameters to be reduced from nine to four. This major reduction makes it possible to plot a family of curves in a two-dimensional parameter space which represent the border for several values of the less signi cant parameter. This method can be applied not only to the converter in this paper but to other basic converters with di erent control schemes. An experimental prototype which allows large ranges of variation of the physical dimensional parameters has been built and a database has been lled to represent the experimental results. The measurement method has been stated in some detail. Standard packages like INSITE have been used to simulate the converter and a special C-code has been prepared to check the experimental results by means of numerical simulations. Speci cally, one-dimensional and two-dimensional bifurcation diagrams have been computed and show a generally good agreement with experiments, although some di erences are appreciated in some regions of the parameter space. These di erences are justi ed in terms of measurement errors and parasitic parameters, which do not appear in the mathematical model. Moreover, regions of subharmonic, quasiperiodic and chaotic behavior, which h a ve i n trinsic scienti c value, were detected and will be further investigated in another report 26 . Finally, t wo possible bifurcation mechanisms are described which m a y take place near the border of the period-one region: the change in the conduction mode and the e ect of resonance. With regards to the period-one region of operation, from the experimental results and numerical simulations the following characteristics, as a summary, can be stated: rst, resonance phenomenon is one of the facts that limit the period-one region; second, the area of this region grows as V d increases; and nally, for small T N and Q, in the border of the period-one region, G 0 V d is satis ed. 
